Understanding Quantum Superarrivals using the Bohmian model 
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We investigate the orgin of "quantum superarrivals" in the reflection and transmission probabil- 
ities of a Gaussian wave packet for a rectangular potential barrier while it is perturbed by either 
reducing or increasing its height. There exists a finite time interval during which the probability 
of reflection is larger (superarrivals) while the barrier is lowered compared to the unperturbed case. 
Similarly, during a certain interval of time, the probability of transmission while the barrier is raised 
exceeds that for free propagation. We compute particle trajectories using the Bohmian model of 
quantum mechanics in order to understand how this phenomenon of superarrivals occurs. 

PACS number(s): 03.65.Bz 



A number of interesting investigations have been re- 
ported on wave-packet dynamics [1] including, in partic- 
ular, recent studies on issues such as the observation of 
revivals of wave packets [2]. Of late, we had pointed out 
a hitherto unexplored effect [3] considering the time de- 
pendent reflection probability of a Gaussian wave packet 
reflected from a perturbed potential barrier. By reduc- 
ing the height of the barrier to zero in a short span of 
time during which there is a significant overlap of it with 
the wave packet, we observed that the reflection proba- 
bility is larger compared to the case of reflection from a 
static barrier for a small but finite interval of time. This 
phenomenon is what we have called "Quantum Superar- 
rivals". The speed with which the effect due to reduc- 
ing the barrier height propagates across the wavefunction 
was noticed to be depending on the rate at which the bar- 
rier height is reduced. We also found the magnitude of 
superarrivals to be proportional to the rate of reduction 
of the potential barrier. We argued that superarrivals oc- 
cur because of the "objective reality" of a wave function 
acting as a "field" which mediates across it the propaga- 
tion of a physical disturbance, viz. perturbation of the 
potential barrier. 

The aim of this paper is to further generalize the phe- 
nomenon of superarrivals and also to understand how su- 
perarrivals occur. We begin by first showing that super- 
arrivals also indeed occur in the transmission probability 
when the barrier height is raised from zero to some value 
(this is complementary to the superarrival phenomenon 
occuring for the reflected wave packet). We then com- 
pute particle trajectories using the Bohm model. Wc 
derive a quantitative estimate of the magnitude of super- 
arrivals using the Bohmian trajectories. We show that it 
is possible to obtain a deeper insight into the nature of 
superarrivals using such computed trajectories of individ- 



ual particles. We illustrate this by considering the case 
of a wave packet which is reflected from the perturbed 
barrier. Similar analysis can be done for the transmitted 
wave packet. 

Let us first briefly recapitulate the essential features of 
quantum superarrivals. Consider a Gaussian wave packet 
peaked at x$ with half width a. It moves to the right and 
strikes a potential barrier of width w centred at a point 
x c . A detector placed at a point x' far left of Xo measures 
the time-dependent reflection probability by counting the 
reflected particles arriving there up to various instants for 
both the case of a static barrier, and also when the bar- 
rier is perturbed by reducing its height to zero linearly 
in time. At any instant before the asymptotic value of 
the reflection probability is attained, the time evolving 
reflection probability in the region — oo < x < xi is given 
by 



\R{t)Y 



\rb(x,t)\ dx 



(1) 



We denote the reflected probability for the static and the 
perturbed cases as R s (t) and R p (t) respectively. In [3] 
we computed these probabilities versus time for various 
values of e which is the time span over which the barrier 
height goes to zero (implying different rates of reduction 
of the potential barrier). We observed that R p (t) > R s (t) 
during the time interval t<j < t < t c . If t p is the instant 
at which the perturbation starts, t c the instant when the 
static and the perturbed curves cross each other, and t<j 
the time from which the curve corresponding to the per- 
turbed case starts deviating from that in the unperturbed 
case, we found that t c > td > t p . 

Let us now consider the case when initially there is 
no barrier, and the wave packet is allowed to propa- 
gate freely towards the right. A second detector placed 
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far away at x" records the time-dependent transmission 
probability T s (t) (counting the transmitted particles up 
to various instants of time). If a barrier is raised in the 
path of the wave packet, a portion of it will be reflected 
back. We denote by T p (t) the transmitted probability 
in this case. At any instant before the asymptotic value 
of the transmission probability (= 1 since there is no 
absorption) is attained, the time evolving transmission 
probability in the region x" < x < oo is given by 



\T(t)\ 2 = \^(x,t)\ 2 dx 



(2) 



We compute the values of T s (t) and T p (t) using the same 
method of numerically integrating the time dependent 
Schrodinger equation as used in [3], which was first de- 
veloped in [4]. The following values for the parameters 
are chosen for our computations (in units of Ti — 1 and 
m = 1/2): x = -0.3, a = 0.05/V2, x c = 0, w = 0.016, 
x 1 = -0.5, x" = 0.5 and t p = 8 X 10~ 4 . It should be 
emphasized that the observation of the phenomenon of 
superarrivals does not hinge upon the choice of these par- 
ticular values of the parameters. Indeed, the quantitative 
dependence of superarrivals on the parameter values have 
been studied in [3] where it was shown that superarrivals 
in reflection persist for a sufficiently wide range of values 
of these parameters. We choose one particular set of val- 
ues for the computations used in this paper since our aim 
here is primarily to investigate the origin of superarrivals. 

The potential barrier is raised from V = to V = 2E 
(where E is the energy of the incident wave packet) lin- 
early in time e. In Figure 1 we plot the computed values 
of T s (t) and T p (t) for different values of e. The numbers 
denoting various instants of time in this as well as the 
subsequent figures are in units of the time steps used in 
the numerical algorithm. For example, f = 8x 10~ 4 cor- 
responds to 400 time steps. It is seen that superarrivals 
are also exhibited in the transmitted wave packet. 




FIG. 1. The transmission probability |T(f)| 2 is plotted for 
various values of e. The top curve reaches value 1 asymptoti- 
cally and corresponds to the zero barrier case. The next two 
curves with (e = 10) and (e = 40) respectively, represent the 
transmission probabilities for the rising barriers. 



Superarrivals can be quantitatively defined by a pa- 
rameter rj given by 



V = 



Ip Is 



(3) 



where the quantities I p and I s are defined with respect 
to At = t c — td during which superarrivals occur. For the 
case of superarrivals in the reflected probability, 



a; 



\Rp(t)\ 2 dt 



I, = 



\R s (t)\ 2 dt 



(4) 
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Replacing the static and perturbed reflected probabilities 
by T s (t) and T p (t) respectively, one can obtain the corre- 
sponding expression of r\ for the case of the transmitted 
wave packet. 

It has been observed [3] that both At and superar- 
rivals given by rj depend on the instant t p around which 
the barrier is perturbed. The magnitude of superarrivals 
is appreciable only in cases where the wave packet has 
some significant overlap with the barrier while it is being 
perturbed. The magnitude of superarrivals falls off with 
increasing e, for the reflected as well as the transmitted 
wave packets. Another interesting observation is about 
information transfer from the perturbing barrier to the 
detector. We defined signal velocity 

v e = —r (6) 

td - {tp ~ 2> 

measuring how fast the influence of barrier perturbation 
travels across the wave packet. We found that v e is again 
proportional to e as was the case with rj. These features 
lead one to argue that the wave packet acts as a carrier 
(objective field-like behaviour) through which informa- 
tion about the barrier perturbation propagates with a 
velocity that is proportional to the "disturbance" (mea- 
sured in terms of the rate of barrier reduction) imparted 
to the packet by the barrier. 

Now, in order to understand how superarrivals origi- 
nate, we use the concept of particle trajectories in terms 
of the Bohm model (BM). We recall that BM provides an 
ontological and a self-consistent interpretation of the for- 
malism of quantum mechanics [6,7]. Predictions of BM 
are in agreement with that of standard quantum mechan- 
ics. In BM a wave function tp is taken to be an incomplete 
specification of the state of an individual particle. An ob- 
jectively real "position" coordinate ("position" existing 
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irrespective of any external observation) is ascribed to 
a particle apart from the wave function. Its "position" 
evolves with time obeying an equation that can be justi- 
fied in the following way from the Schroedinger equation 
(considering the one dimensional case) [7] 



ift^ = Hip 
dt v 



Ti 2 <9 2 V> 
2m dx 2 



V(x)ip 



by writing 



i> = Re lS / h 



(7) 



(8) 



d . . dp 
d~x {pv) + Tt 



and using the continuity equation 

(9) 
with the probability distribution p(x, t) being given by 

P=\i>f- (10) 

It is important to note that p in BM is ascribed an on- 
tological significance by regarding it as representing the 
probability density of "particles" occupying actual posi- 
tions and the velocity v is interpreted as an ontological 
(premeasurement) velocity. On the other hand, in the 
standard interpretation, p is interpreted as the probabil- 
ity density of finding particles around specific positions 
and there is no concept of an ontological velocity. Inte- 
grating Eq.(9) by using Eqs.(7), (8) and (10) and requir- 
ing that v should vanish when p vanishes leads to the 
Bohmian equation of motion where the particle velocity 
v{x,t) is given by 



dx 
~dt 



l_dS 

m dx 



(11) 



The particle trajectory is thus deterministic and is ob- 
tained by integrating the velocity equation for a given 
initial position. 

Another perspective on the notion of particle trajecto- 
ries in BM is obtained by decomposing the Schrodinger 
equation in terms of two real equations for the modulus 
R and the phase S of the wave function ip [6] 
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dt 
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and by indentifying 

Q(x,t) 



h 2 V 2 R 
2m R 



(12) 
(13) 

(14) 



as the "quantum potential" [6]. The equation of motion 
of a particle along its trajectory can now be written in a 
form analogous to Newton's second law 



Jt^ 



-V(V + Q)\x 



(15) 



(with d/dt = d/dt + X.V) where the particle is sub- 
jected to a quantum force — VQ in addition to the classi- 
cal force — VV. The effective potential on the particle is 
(Q + V). We plot the profile of Q versus x at various in- 
stants of time near the potential barrier (when its height 
is reduced) in Figure 2. It is then transparent how the 
perturbation of the classical potential V affects Q away 
from the vicinity of the boundary of V. This in turn ac- 
counts for the sharp turn experienced by those particles 
which contribute towards super arrivals (as we shall see 
explicitly later). 




FIG. 2. Snapshots of the quantum potential Q(x,t) are 
plotted versus x at various instants of time. The potential 
barrier is located in the region —0.008 < x < 0.008. Barrier 
perturbation is from t — 400 to t = 410. The full, dashed and 
dotted curves represent Q at times t = 420, 425 and 430 re- 
spectively. The wells in the quantum potential move towards 
the left with time and reflect incoming particles away from 
the vicinity of the classical barrier. This explains why certain 
particles arrive at the detector earlier than they would have 
done if reflected from a static barrier. 



We compute the Bohmian trajectories for a given set 
of initial positions with a Gaussian distribution corre- 
sponding to the initial wave packet. This procedure is 
carried out for both the cases of lowering and raising the 
barrier. Since our purpose is to obtain conceptual clarity 
of the phenomenon of superarrivals, it suffices to illus- 
trate our scheme through the example of superarrivals 
in the reflection probability when the barrier is reduced. 
All the qualitative as well as quantitative features of su- 
perarrivals are similar in the case where one observes 
the transmitted probabilty from a rising barrier. Thus, 
henceforth we consider only the former case in the fol- 
lowing discussion. 
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The following approach is used to study superarrivals 
in terms of the Bohmian trajectories. First, a particular 
value of the barrier reduction rate, or e is chosen. We 
then choose a range of initial positions for which the tra- 
jectory arrival times at the detector lie between td and 
t c (i.e., we select only those trajectories which contribute 
to superarrivals). We consider N such trajectories whose 
initial positions form a Gaussian distribution. Let us de- 
note one such trajectory by Si P having the initial position 
Xi and the arrival time ti p . Taking the static case, the 
trajectory Si for that initial position Xi is computed. Let 
the corresponding arrival time be U. A supearrival pa- 
rameter Pi for the i-th Bohmian trajectory is then defined 
as 



u - 1 



ip 



(16) 



which provides a measure of superarrivals for a particular 
value of initial position. Next we define an average value 



N 



(17) 



which provides a quantitative estimate of superarrivals 
obtained through Bohmian trajectories. 

Our results show that the arrival time 1 ti P for the per- 
turbed case is sensitive to the value of initial position Xj. 
We have checked that for a particular initial position, ti 
exceeds U p for only those trajectories which contribute to 
superarrivals. This is a distinct feature associated with 
the superarrivals that can be identified in terms of the 
Bohmian trajectories. We plot a set of Bohmian trajec- 
tories in Figure 3. Note that the trajectories of the par- 
ticles corresponding to the perturbed case take a sharp 
turn and arrive at the detector earlier than they would 
have for a static barrier. Any abrupt perturbation of 
the potential barrier has thus a global effect on the wave 
function and affects the values of the quantum potential 
Q(x,t) at various points. Then, through the Bohmian 
equation of motion the velocities of the incident parti- 
cles get correspondingly affected much before reaching 
the vicinity of the potential barrier. Superarrivals orig- 
inate from those particles in the perturbed case which 
reach the detector earlier than those corresponding to the 
same initial positions in the static case. This accounts 
for why a detector records more counts in the perturbed 
case during a particular time interval as compared to 
that in a static situation. The origin of superarrivals can 
thus be understood in this way by using the Bohmian 
trajectories. 




FIG. 3. Bohmian trajectories for particles originating from 
the same initial positions get reflected differently from the 
static and the perturbed barriers. The trajectories undergo 
sharper turns when the barrier is perturbed and arrive the the 
detector earlier than they would have done for the static bar- 
rier case. The barrier is placed at x = —0.008 to x = 0.008. 
Perturbation takes place from t = 400 to t = 410. 



The effect of altering the barrier perturbation time e on 
the magnitude of superarrivals (3 can be studied by com- 
puting for various values of e. We display the results of 
this study in Figure 4. Note that the the magnitude of 
superarrivals decreases monotonically with increasing e, 
or decreasing rate of perturbation. This effect was also 
observed in [3] where we obtained a similar behaviour 
for the superarrival parameter rj. The similarity of these 
two results obtained through entirely different techniques 
reinforces our contention about the dynamical nature of 
superarrivals originating from a "disturbance" provided 
by the lowering of potential barrier, which propagates 
across the wave function with a definite speed. 



For conceptual subtleties concerning arrival time in the 
Bohm model, and, in general, its definition in quantum the- 
ory, see [8]. 



4 



0.1 



tn. 0.05 








10 20 30 40 



FIG. 4. The Bohmian superarrival parameter /3 is plotted 
versus e. 



To conclude, in this paper we have explored further 
the nature and origin of quantum super arrivals mani- 
fested in terms of enhanced reflection and transmission 
probabilities of wave packets from a perturbed potential 
barrier which is respectively lowered or raised. We have 
shown how the concept of particle trajectories obtained 
from the Bohm model enables one to have an insight into 
the phenomenon of quantum superarrivals. This analysis 
substantiates our earlier contention [3] that superarrivals 
arise from a dynamical disturbance provided by the per- 
turbed barrier which propagates across the wave packet 
(which acts like a "physically real field" ) with a definite 
speed and affects the "particles" . Such time dependent 
quantum phenomena could be useful in furnishing exam- 
ples of the conceptual utility of the Bohm model from 
a perspective different from other examples studied re- 
cently [9] for this purpose. 
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